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ABSTRACT 

The cubic interaction vertex and the dynamical supercharges are constructed for open 
strings ending on D7-branes, in light-cone superstring field theory in PP-wave background. 
In this context, we write down the symmetry generators in terms of the relevant group struc- 
ture: SU(2) x SU(2) x SO (2) x 50(2), originating from the eight transverse directions in the 
PP-wave background and use the expressions to explicitly construct the vertex at the level of 
stringy zero modes. The results are further generalized to include all the stringy excitations as 
well. 
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1 Introduction 



Maldacena's conjecture [1] of the duality between Type-IIB superstring theory in AdS 5 x S 5 
background and Af = 4 super- Yang-Mills theory has gone through several nontrivial checks 
at the level of supergravity. However, in most of the AdS/CFT dualities, it is not possible 
to go beyond the supergravity approximation on the string side, making its usefulness limited. 
Recently, the authors of [2] elucidated, that there exists a new scaling limit, in which a particular 
subsector of the M = 4 super- Yang-Mills theory gets mapped to Type-IIB superstring theory 
in a PP-wave background. PP-wave backgrounds can be obtained by taking a 'Penrose limit' [3, 
4, 5] of the geometry near a null geodesic in AdS 5 x S 5 carrying a large angular momentum on 
the S* 5 . The metric is then given by, 

8 

ds 2 = 2dx + dx~ + '^(^dxjdx 1 — [^xjx 1 (dx + ) 2 ^j, (1.1) 
i=i 

with a constant RR-5 form flux, 

-F+1234 = -F+5678 = 2/i, (1.2) 

where /i is a scaling parameter of mass dimension one. It is also interesting to note that 
the background in (1.1)- (1.2), preserves maximal IIB supersymmetry [6]. What makes the 
new duality tractable, is the fact that string theory in this background is exactly solvable in 
light-cone GS formalism [7], despite the presence of a nonvanishing RR field. Using this fact, 
the authors of [2] gave a proposal to match the string states of this free world sheet theory, 
to operators characterizing a certain subsector of the M = 4 super- Yang-Mills theory. The 
proposal amounts to picking a U{1)r subgroup of the SU{4) R-symmetry and constructing 
trace operators, with a large U(1)r charge J and conformal dimension A , which together 
scale as , keeping the difference A — J finite in the large N limit. Subsequent developments 
included deducing the string interaction vertices from the three point correlation functions of 
the these BMN operators [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. Then 
using light-cone string field theory approach one constructs cubic string interaction vertices in 
PP-wave background, corresponding to splitting or joining of closed strings [26, 27, 28, 29, 30, 
31, 32]. In this manner, one verifies the duality even at the level of interactions. 

A generalization of AdS/CFT duality to the one between defect CFT and AdS spaces 
has also been analyzed in the literature [33, 34, 35, 36, 37, 38, 39, 40]. Such dualities in 
general originate from intersecting configurations involving a D3 brane with other D-branes, 
when a decoupling limit is applied on this brane configuration. The conformal structure of 
the boundary theory follows from the fact that the gauge theory living on the intersection of 
the D3 and Dp-brane goes over in the decoupling limit to the one living on an AdS n C AdS$. 
Therefore one also has a conformal structure of the (n — l)-dimensional defect CFT, in addition 
to the one coming from AdS 5 , thus giving a much richer physical structure. Considering such 
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an interesting application of D-branes to the duality between string and gauge theories, it is 
important to study D-branes as well as their interactions [41] , in PP-wave backgrounds. In this 
context, various brane configurations in PP-wave background have been studied. The world 
sheet constructions for the free theory on these branes have been given in [42, 43, 44, 45, 46]. 
Also, several supergravity solutions and other aspects of various brane configurations in PP- 
wave background have been studied in [44, 45, 47]. In addition, emergence of open strings from 
super- Yang-Mills theory has also been shown by the authors of [48, 49]. They construct certain 
determinant and sub-determinant operators , which turn out to be the Yang-Mills descriptions 
of the D-brane states or giant gravitons, in the PP-wave background. In a recent work [50, 51], 
certain symmetry related branes have been found and are argued to correspond to the giant 
gravitons. 

In view of the above dualities between open strings and super- Yang-Mills at the free theory 
level, it becomes important to check whether this holds when the interactions are incorpo- 
rated. Motivated by the above results, in this paper, we construct the cubic interaction vertex, 
corresponding to joining of two open strings to give a third open string, on a _D7-brane. To 
perform this exercise, we use the light-cone superstring field theory formalism [52] developed 
by Green and Schwarz in flat background [53, 54]. In the case of flat space, the transverse 
5*0(8) symmetry of the theory was given up in [55] and one used the spinors of SU(4) for 
certain technical advantages. In the PP-wave background, SO (8) symmetry is broken to 
SO (4) x SO (4) . D7-brane boundary conditions break this symmetry further. We therefore 
use appropriate decompositions of the space-time coordinates in terms of the relevant symme- 
try: SU (2)l x SU (2)r x 50(2)1 x 50(2) 2 to write down vertices and symmetry generators (for 
appearance of similar group structure in different context in string theory see [56]). 

This paper is organized as follows. In section-2, we review the world sheet construction for 
Dp-branes in PP-wave background and give expressions for all the symmetry generators. In 
section-3, we discuss the basics of light cone string field theory following the work of Green and 
Schwarz and construct the cubic interaction vertex involving stringy zero modes. In section-4, 
interaction vertex for all the non-zero open string modes is derived analogously. In section-5, 
we present discussions and conclusions. 

2 Review of worldsheet construction 
2.1 D7-brane worldsheet theory 

We start by giving the main results of the open string construction for the case with both 
Neumann and Dirichlet boundary conditions. We will restrict ourselves to the case of D7-branes 
in this paper, although other D-branes can be discussed along similar lines. The relevant bosonic 
degrees of freedom in the light-cone gauge Green-Schwarz formalism [7, 43] are X 1 , 1 — 1, ... ,8, 
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which transforms as a vector 8 V of the transverse 5*0(8). In addition, one has space-time 
fermionic degrees of freedom: 5 1 , S 2 transforming as positive chirality spinors 8 S under S0(8). 
To describe a Dirichlet p-brane, we impose Neumann boundary conditions on p — 1 coordinates 
and Dirichlet boundary conditions on the remaining transverse coordinates: 

d a X r = 0, r = l,...,p-l, 

d T X r ' = 0, r'=p,...,8. (2.1) 

The class of D branes that we consider here belong to the category of 'longitudinal' D-branes 
in the language of [40]. For such branes the light-cone bosonic coordinates : X^ 1 also satisfy 
the Neumann boundary conditions [43] . For the fermionic coordinates, the boundary condition 
is 

5' 1 |cr=0,7r|ct| — ^5' 2 | o - = l7r |a.|, (2-2) 

where, as in flat space, Q is a real (constant) matrix ITfc7 fc , with the product running over the 
Dirichlet directions. Since, we are interested in D-brane configurations that preserve sixteen 
supesymmetries, the choice of allowed Q is constrained further by the following two conditions: 

[ft, 7] = 0, 

nunu = -1. (2.3) 

II = 7 1234 in eqn.(2.3) is the matrix that defines the form of the mass term on the worlsheet for 
these spinors and is responsible for breaking the transverse SO (8) symmetry down to 5*0(4) x 
50(4) [2]. The mode expansion of the bosonic coordinates, satisfying the equations of motion 
and the boundary conditions in eqns.(2.1), (2.2) is given by [43]: 

\ tict 

X r (a, t) = x„ cos mr + —sin mr + % V — ale~ iuJnT cos — , (2.4) 
X r '(a,r) = £-<V--sin^, (2.5) 



, n u„ \a\ 



with 



uj n = sgn(n)^J(n/a) 2 + m 2 , (2.6) 

and m = np + . For the consistency of the supersymmetry algebra, one chooses the zero mode 
of X r to be zero, which corresponds to a Dp-hr&ne stuck at the origin X r = 0. The mode 
expansion of the fermions are: 

5 1 (<T,r) = cos mrffp — sin mrQn5 + c w ((/^, (<7, r)Q5 n + ip n <p 2 (a, r)HS n ), 

5 2 (cr, r) = cos mrfi T 5 - sinmrn5 + £ c n{vl{v, r)S n - ip n y\{p, r)nfi5 n ), (2.7) 

n^O 
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where, 

<g = e ^" T -^ a \ 02 = e-Hunr+ft*) ^ (2.8) 



:i+Pir 1/2 , Pn = Un n/H . (2.9) 



The canonical momenta are: 



P 1 = t-^X 1 , 1 = 1,..., 8, V Ia = ^S^, J =1,2, (2.10) 
2ir\a\ 2-K\a\ 

and the canonical commutation relations are given in terms of various modes as: 

K,Po] = = ^Jm+n,oS IJ , (2.11) 

{^n) ^m} — ^n+mfi5 ab ■ (2-12) 

For definiteness we now consider the case of a D7-brane extending along (+ — 123456) directions. 
This configuration breaks the 50(4) x 5*0(4) symmetry of the PP-wave background further. 
Thus we have, 

50(8) D SU{2) L x SU(2) R x 50(2)1 x 50(2) 2 , (2.13) 

where the SU(2)l and SU(2)r have their origin along directions X 1 , ...,X 4 and the 50(2) x x 
50(2) 2 come from X 5 , ...,X 8 . Under the embedding in eqn.(2.13) the spinor decomposes as: 

8 S ~ (2, l) ( 5'i) © (2, 1)("3 -s) © (1, 2) ( 3'~2) © (i, 2)("3'2), (2.14) 

with the superscripts denoting 50(2) x x 50(2) 2 charges. Hence, the 50(8) spinors decomposed 
in terms of the fermionic creation and annihilation operators are: 



til) f_i _ii 

\ Q^2'2> \ 2' 2> 



2 ' :• 

1 h / 1 1 N 



\ — 2 ' 2> \ — Q^ 2 ' 2 ^ (0 

ot — >~>0a J A a — >~>0a J K^- 10 ) 

where a and a are the doublet indices of SU{2) L and SU{2) R respectively. Although, the 
decompositions (2.15) are given only for the zero modes in eqn.(2.7), similar results hold for 
the higher modes as well. The canonical anti-commutation relations in this basis take the form: 

{K,\?} =5f, {A d ,A^} =5t (2.16) 

The Fock vacuum is, 

ao|0) = 0, A Q |0) = 0, A d |0) = 0. (2.17) 

Among the nonzero modes, the positive ones act as annihilation operators and the negative 
ones act as creation operators. 
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2.2 Symmetries of the free theory 

We now write the supersymmetry algebra and give the expressions for the symmetry generators 
for the free theory In the light-cone formalism, the generators of the basic superalgebra can be 
split into the kinematical generators P +1 , P 1 , J +1 , J 1 - 7 , J* - 7 ', Q%, Q£, and the dynamical 
ones H, Q^ 2 - The dynamical symmetry generators depend on all the non-zero stringy 

modes and also receive corrections from the interactions. As has been already mentioned, the 
left over isometry of the PP-wave due to the presence of D7-branes is SU(2)l x SU(2)r x 
50(2)1 x 5*0(2)2, and the unbroken kinematical symmetriy generators are given as [7, 43, 50]: 

P+ = p+, P r = f , J +r = -x r p + , (2.18) 



Q + = y/2p+(l + in T )S , Q + = V2p + (1 - iSl T )S , (2.19) 
J rs = x^-x^-^ o7 rs 5o-^E{^(«-n<-«^<) + 5^5 n },(2.20) 

n+0 ZUJ n 

J r ' s ' = -^ f' s '5o - i E{^(«-n<' " «-X') + 5-^^}' ( 2 - 21 ) 
2p + H = Upl + m 2 xl r )-miSonUS + J2{l^L n a I n + 2u n S^ n S n }, (2.22) 

1 r 2na'\p+\ , . 

2P+Q- 1 = -/ dald-X^S 1 -mXrfTiS 2 ), (2.23) 

2na'p + Jo 1 

= p r YS + mxiYnns -Y,{cnal n n 1 I s n --^aL n yns n }, (2.24) 

1 r 2na'\p+\ , . 

2p+Q~ 2 = -/ da(d + X I YS 2 + mX n I nS 1 ), (2.25) 

2na'p + Jo J 

c 7771 "\ 

= p^Y^So + mx^nSo + ^cnai^Sn-- ai/M , (2.26) 

n+0 ^C n UJ n 

Since, Q + and Q + as well as Q" 1 and Q~ 2 are related as [43], 

Q + + Q- + iQ(Q + - Q-) = 0, Q- 1 -QQ- 2 = 0, (2.27) 

one generally considers the particular combinations given below, which preserve the D7-brane 
super symmetries that we are interested in: 

q + = ^(Q + + Q~ -tn(Q + -Q-)) =2^2^+50, (2.28) 
q~ = QT 1 + QQ~ 2 = 2Q- 1 . (2.29) 



1 We have used a hat over the momentum generator to avoid mixup with components of momenta defined 
later on. 
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The non- vanishing (anti-) commutation relations are [43]: 

[p- P 1 ] = ^ J+ 1 , [P 1 , J+ J ] = -5 IJ P+, (2.30) 

[P-,J +I ]=P I , [J r %q ± ] = \l rs q ± , (2.31) 

[J r ' s \ <t] = \Y' s 'q ± , [J +r , q~\ = ^W, (2-32) 

[P r , q-\ = -^7 r ng + , [h, g + ] = i^n q +, (2.33) 

{q+,q;} = 5 ab 2P + , (2.34) 

fe} = (OVU^ - ^r(n 7 r UJ +r , (2.35) 

-^-{(YAm^Jn + (Y/f'm^Ji'/), (2-36) 



where Jf G SO(m),JJ v G SO(4-m),Jfj G 50(n), and Jf/ G 50(4 - n). In section-3, 
we will rewrite some of these generators and the commutation algebra using the symmetry 
structure in eqn.(2.13). 

3 Zero mode vertex in GS light-cone SFT 

In this section we first discuss some known results of the GS light-cone string field theory 
formalism and then apply them to write down the zero mode interaction vertex. As we shall 
see, most of the conceptual and technical aspects of the problem are already addressed in the 
zero mode analysis. We start by discussing the cubic open-string vertex corresponding to a 
process, where two open strings on a D7-brane join at their ends at r = to give a third open 
string. The construction follows the earlier work of Green and Schwarz [53, 54, 55] for flat 
space. It involves writing down the dynamical generators in terms of the string fields, which 
can create or destroy complete strings. The string fields can be expanded in a number basis 
representation as follows, 

oo 

®W)\ = E V?{n fc } II ^(Pk), (3.1) 
{n k } fc=-oo 

where pk is the fc-th Fourier mode of p(cr) and the sum is over all possible sets of harmonic 
oscillator occupation numbers {n^} with ip n (p) being the harmonic oscillator wavefunction for 
occupation number n. Here, <f{ nk } is an operator that creates or destroys a string in the state 
|{nfc}) at time r = 0. The full Hamiltonian has the form 

H = H 2 + kH 3 + ..., (3.2) 
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with similar expansions for Q~ and Q , where k is the coupling constant. The interaction 
Hamiltonian as well as other dynamical generators can be expressed in terms of the string 
fields and hence, in a number basis representation. The coordinates of the three strings are 
parametrized as follows, 



<7(1) = 
(7(2) = 
(7(3) = 



= a 



a for < a < 7r«(i), 

a — 7rai(i) for 7rai(i) < a < n(at(i) + «(2)) 5 

- 7T («(!)+ «(2)) for < (T < 7r(«(i) + «( 2 )), 



(3.3) 



where a r = 2a'p + , and r = 1, 2, 3 denote the string indices . We also have am +a^) + c *(3) — 0, 
and one takes a^, a^) positive as the corresponding strings are annihilated by the vertex 
operator. With this labelling, the coordinates of the strings mean, 



X r .(a) = x {r) (a r )e r , 



(3.4) 



(3) 



1. 



(3.5) 



where 

9(i) = 9(na {1) -a), 9( 2 ) = 9(a - ira^), 

The rest of the coordinates can be written in a similar form. 

Before proceeding, it is important to decompose the SO(8) invariant dynamical supercharges 
in the SU(2) doublet notation according to the embedding (2.13). Under this embedding, the 
vectors decompose as, 



8 V ~ 



(2, 2)(°>°> © © (l)^ 1 ' ) © (1) (0 < +1) © (l)^" 1 ) 



(3.6) 



and the fermion decomposition is given in eqn.(2.14), where the superscripts indicate the 
5*0(2)1 x SO (2)2 charges corresponding to rotations in 56 and 78 directions. To proceed 
further, we need various expressions written in terms of the representations of the group 
SU(2) L x SU{2) R x 5(9(2)1 x SO(2) 2 . Therefore, the relevant string degrees of freedom for us 
(e.g., eqn.(2.7)) are, 



S 



VA^y 



(3.7) 



with A Q = — i\ 2 a1 \a = \\ — i\\ and A a , A„ as given in eqn.(2.15). Similarly, in view of 
eqn.(3.6), the bosonic coordinates X 1 and and their conjugate momenta P 1 with 1 = 1, ...8, can 
be decomposed in terms of: X^a , X ± , X ± and P Aq , , P ± , P ± , where X Aa and P^a are complex 
combinations of the coordinates x lv " 4 and p 1 -- 4 as given below: 



X A 



x 



IX 



x z + ix 1 



—x 3 + ix 1 

A ■ 1 
X — IX 



p + ip 
p 3 + ip 1 



—p + ip 

4 • 2 
p — ip 



(3i 
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with a and a being the SU(2)l, SU(2)r indices respectively. Further, we have the definitions, 
X a a = X^ a , X a a = X^ a , and similar ones for P Qd , and P a &. Also, X ± ,X ± and P ± ,P ± are 
defined as: 



X ± = x 6 ± ix 5 , X* = x 8 ± ix 7 , 
P ± = p 6 ± ip 5 , P ± = p 8 ± ip 7 . 



(3.9) 
(3.10) 



Above combinations of coordinates and momenta have in fact been obtained by using a specific 
representation of 8-d Dirac 7 matrices: 



7 1 = e <g> / (g> T!, 

.,4 _ T^JqJ 



7 4 = / 



7 = n 



7 = e 

„5 



"®r 3 , 7 3 = /®r 3 
7" = e &> e ® e, 7 s = / ® r x 

7 8 = r 3 <g>e<g>/, 



(3.11) 
(3.12) 
(3.13) 



where e = ir 2 . These 7's which decompose the quantities X 1 ^ 1 and P / 7 / as in eqn.(3.8)-(3.10) 
are identical to the ones in [57], except for minor relabelling suitable to match with results 
in [43]. In this representation of 7 matrices Q and II are given by, 





-h 



h 




n 



I 2 ® r 3 






h <S> r 3 



(3.14) 



Using the above results, supersymmetry generators are written in terms of X a , A„ , X a , Ac 
The kinematical supersymmetry generators for example have the form: 



Q + = 



( h \ 

-iX 6 
\-iX a ) 



Q + = 



X a 

iXa 

\iX a J 



(3.15) 



with invariant combinations in eqn.(2.28) given by eqn.(3.7). In eqn.(3.15), we have absorbed 
a factor of \/2p + in the redefinition of A's, in order to make connection with results of [55]. 

Now, the procedure for constructing the vertex consists of two steps. The first step amounts 
to obtaining the kinematical part of the three string vertex that would occur, if the entire 
interaction Hamiltonian were given only by the kinematical factors and no other terms. These 
are the same as in flat space and arise from the commutation relations of dynamical generators 
H with the kinematical generators P 1 , J +I ,q + . This gives the exponential part of the vertex. 
We postpone more detailed discussion of this part to section-4. Here, our main focus would be 
on the second step, which involves the calculation of prefactor, obtained from the algebra of 
dynamical generators. 

At the level of zero modes, the kinematical part of the vertex takes a simple form and can 
be obtained by imposing the constraints coming from the PP-wave superalgebra of kinemati- 
cal generators. Hence, the bosonic and fermionic coordinate continuity and local momentum 
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conservation equations take the form: 



(3.16) 
(3.17) 
(3.18) 

(3.19) 

Note that the indices (which we have suppressed) on coordinates and momenta run only over 
the Neumann directions (having zero modes), and hence the constraints on the vertex are only 
in these directions. 

Hence, the kinematical part of the zero mode vertex looks as follows: 



(a(l)X(i) + 0!(2)£(2) + "(3)^(3)) 


Vkin ) 


= o, 


(P(l) + P(2) + P(3))\ 


Vkin ) 


= o, 


a(i)A (1) + a ( 2)A (2 ) + a(3)A (3 )) a J 


Vkin ) 


= o, 


(A(l)+A(2) +A (3 )) Q J 


Vkin ) 


= 0. 



where the bosonic part, 



and the fermionic part, 



\E° b ) 



kin.) 



cxp 



= l^°)|£?>, 



1 

2 



r,s=l 



1 ±a±f3±a±j3 

41 e «/3 e a/3 A A A A |0), 



(3.20) 



(3.21) 



(3.22) 



with A = A(i) + A(2) + A(3) and aJ = 1/^/aJl po + i/2^/aJI x$. The matrix M rs is as defined 
in [26], and is being given in the appendix. Having determined the kinematical part of the 
vertex | Vkin ) , we now calculate the prefactor for the zero modes of the open strings ending on 
the D7-brane. 

The calculation of prefactor involves making an ansatz, for the functions multiplying the 
kinematical part of the vertex and the dynamical supercharges. The algebra of dynamical gen- 
erators, then provides certain consistency conditions. These conditions determine the unknown 
functions uniquely. We begin by writing down the independent components of the dynamical 
supersymmetry generators, which can be seen by examining either Q^ 1 or Q~ 2 . Using the de- 
compositions (2.14) and (3.6), the dynamical supercharge given in eqn.(2.23) (or equivalently 
eqn.(2.29)) can be written in the following form: 

(3.23) 
(3.24) 
(3.25) 
(3.26) 





1 

a 


Paa^a + P + (eX) a 




ifj, 


XoiaXot 


-x + 


(eA) a 




1 

a 


PaaXa + P (eA) Q 


+ 


i/i 




-x~ 


(eA) a 




1 

a 


PaaX a + P (cA)q, 


+ 


ifj, 


X a 


-x~ 


(e\)a ' 


0.1 


1 

a 


PaaXa + P + { e X)a 




i/i 


Y X 


-x + 


(eA) d 



9 



Now, we use the above form of generators to determine the interaction vertex \H), \ q^ a ) etc., 
in a number basis defined in terms of the string fields as [55, 26]: 



(3|tf 3 |l>|2> = <l|<2|<3|tf). 



(3.27) 



The kinematical part of the vertex has been already given in eqn.(3.20)-(3.22). The prefac- 
tors multiplying the kinematical vertex are given in terms of the unknown functions (to be 
determined below) f adl , f aa , / ± , fa, fa, fa, fa as: 



H 


) 


"ip faa 

aa J 


Qa 


) 


fa | Vfcm ) 


(fa 


) 


fa | ^kin ) 


Qa 


) 


fa | ^kin ) 


Qa 


) 


fa | Vfcm ) 



+ p aa n + v + r + v- f 



+ 



Vki 



kin 



where, 



Aa = 



"(1) Paa(2) - 01(2) P a a(l), 
Oi(l) Aq ( 2 ) — a (2) A„ (i), 



(3.28) 
(3.29) 
(3.30) 
(3.31) 
(3.32) 

(3.33) 
(3.34) 



with similarly looking expressions for P aa ,P ± ,A a ,A a and A a . The unknown quantities 
fa, fa etc., multiplying the vertex are assumed to be functions of only A, as A| V^{ n ) = 0. In 
other words, they are functions of the bosonic and fermionic conjugate momenta only. Above 
ansatz for the prefactors are slightly different from the ones in [54, 26] for the closed strings 
and are along the lines of results for open string in flat space [55]. The form of functions / can 
now be determined by requiring that the PP-wave superalgebra is satisfied to O(k). For the 
generators q7 r \ a transforming nontrivially under the group SU(2)l in eqn.(2.36), this takes 
the form: 



E 9a(r) I 9/9 ) + E Qftr) I 9a 



2 8 a 3 | H 



r=l 



r=l 



E 9a(r) I 9/3 ) + ( a P) = °> 



r=l 
3 



E Ur) \~q~p) + («<->/?) = o. 



(3.35) 
(3.36) 
(3.37) 



r=l 



One has identical relations for the q'^s as well. The remaining ones between q^ a and 's 
are: 

E Ur) I > + (« ^ «) = 0, (3.38) 

r=l 
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E 9 a (r) I 9d ) + (« ^ «) = °. 
r=l 

3 

E 9a(r) I C ) + (« ^ «) = 0, 
r=l 

3 



E ?a(r) I 9d ) + (« ~ 



a 



(3.39) 
(3.40) 
(3.41) 



r=l 



Also, the canonical commutation relations in our basis take the form: 

X a a , -Pg^ = * ^"s i ^-cxa i Ppp = i $a0 $rs i (3.42) 

[ X ± , ] = % 5 rs , [x± , P*] = i8 rs , (3.43) 

{ A Q(r ) , A^ s) } = a r 5^ 5 rs , [ Xa( r ) , A^ s) } = a r 5? 5 rs , (3.44) 

with r and s being string indices. Further, one gets the following useful set of relations involving 
the supercharges q^ r)a : 

3 

E [ 1(r)a ' P /3/3 



r=l 

3 



E [ ?(r)a > P ~ 



r=l 
3 



= -/i(eA) a , 

E { ?Wa > A /3 } = ( P + - ^« H + ) e a/3 , 
r=l 

3 

E { ?(r)a , A /3 } = ( P «« + P «« ) 5 d/3 , 



r=l 



and the following algebra for the complex conjugates q,s : 

= — /_i 5 a/ 3 , 



E [ 5(r)a ' P /3/3 
r=l 

E [ % )a , p+ 



r=l 

3 



= /i(eA) Q , 

E { ?(~r)a , A /j} = ( P «d - if** Had ) , 
r=l 

! 

E { fy)a ' A /3 } = ( P~ + R~ ) e a/3 , 



(3.45) 

(3.46) 
(3.47) 
(3.48) 

(3.49) 
(3.50) 
(3.51) 
(3.52) 



r=l 



where 1FL 



( X(2) a a — A(!) aA ), with Rac,,^ defined analogously. Similarly, for the 



9(r)d ' S ' We haVe: 



03 



E [ ?M d , p 



r=l 



M/3 5 d « , 



(3.53) 
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E [ , p- 



r=l 
3 



= (eA)d, 

E { 9(r)d > A /3 } = (P" + vaR") e d/ 3 , 

r=l 
3 

E { 9(r)d ' A /3 } = ( - ^ a ) <W 

r=l 

The relations involving the complex conjugates are given as: 



(3.54) 
(3.55) 
(3.56) 



E [ - p 



r=l 
3 



9(r) 



d ' 



P 



r=l 
3 

E { 9wd > A /3 } 

r=l 
3 

E { fyjd , A /3 } 



r=l 



A /3 <*d/3 , 

- Ai(eA) d , 

( P+ - i^a R + ) , 



(3.57) 
(3.58) 
(3.59) 
(3.60) 



Using the conservations laws in eqn.(3.16)-(3.19) the state | V^ in ) can be shown to satisfy: 



E 9(r)a I ) 
r=l 

3 

E ?(r)d I ) 
r=l 

3 

E ?(r)a I ^ 
r=l 

3 

E %)a I 



o, 



kin I 



kin / 



r=l 



1 

a 
1 



P aQ A Q + F-(eA) £ 
P aa A a + P + (eA), 



kin 



v k 



kin 



(3.61) 
(3.62) 
(3.63) 
(3.64) 



Now, substituting our ansatz for the prefactors of the dynamical generators given in eqn.(3.28), 
in the PP-wave superalgebra in eqn.(3.36), (3.37) and using the above relations, we end up 
with the following equations for the unknown functions f a ,f a - 



dfp 



d A~ €ai + 



dfa 

d A, 



d A-v aa a ~< 



jjjg p ■ a ■ 



f/3 A 7 (-or/ fa A^, 6^ 

f/3 Pad A a + / a P^ A^ 



= o, 

= o, 

= o, 

= 0. 



(3.65) 

(3.66) 

(3.67) 
(3.68) 
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These relations are obtained by comparing the coefficients of P aa , P Q a and P ± on both 
sides of eqns.(3.36) and (3.37). Similar equations are satisfied by their dotted counterparts f a 
and f a . There are additional conditions coming from the set of algebra in eqns.(3.38)-(3.41). 
The relation in eqn.(3.38) leads to the following equations involving f a and f^. 



e ai = 0, (3.69) 



dip 
d A 7 

° L cav = 0, (3.70) 



d Aa, ^ 



**V + ^7 = 0. (3.71) 



'JL 

Similarly, the relation in eqn.(3.39) gives the following set of equations for the unknowns f a 
and 

dfa 1 

gj^ e«, + -fa (eA) = 0, (3.72) 

dfa 1 
jj- P«a + -f a = 0. (3.73) 

The set of algebra in eqns.(3.40) result in the following consistency conditions for f 0) f a : 

df 1 

df 1 - 

P w 5^ + -f $ 1P aa A a = 0. (3.75) 

and finally the relations in eqn.(3.41) lead to the following conditions on f a , f^: 

1 



a 



f (eA) a = 0, (3.76) 



lfa(eA) = 0, (3.77) 
f $ P aa A a + f a Ap = 0, (3.78) 

It is worth noting that some care has to be taken while solving the above consistency conditions, 
as they involve grassmann functions. We find that the set of equations (3.65)-(3.75), are solved 
by the functions: 

fa = ~ 2 A a , (3.79) 
U = 2 A a , (3.80) 
fa = - e af 3 A/3 A 7 A^, (3.81) 

fa — — — £ a f3 A /3 e 7<5 A 7 ^-8- (3.82) 
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The solutions in eqns.(3.79)-(3.82) complete the determination of prefactors appearing in the 
ansatz (3.29)-(3.32) for the dynamical supercharges. We now go on to determine the prefactors 
of the interaction hamiltonian and hence, the cubic open-string vertex operator. Substituting 
the ansatz given in eqn.(3.28) for the interaction hamiltonian in eqn.(3.35), we end up with the 
following relations: 



d A 7 



2 5 a(3 /-, (3.83) 



a 



-f a e Pl A 7 = 2 5 aP /+ (3.84) 



5^ + -f a P w A^ = 2 5 a(3 (P^r + PryH). (3.85) 



A 7 a 

Now, using eqns.(3.79)-(3.82) in eqns.(3.83)-(3.85), the solutions for the unknown functions in 
the ansatz for the interaction hamiltonian (3.28) are given as f a , f a : 

f~ = ^ ^ A a A^ , (3.86) 

/ + = -^ e «/3 A Q A p , (3.87) 

faa = — — e Q7 € & g A7 A^, (3.88) 
faa = - - A a Aq, . (3.89) 

ct 

The dotted counterpart to equation (3.35) leads to slightly different conditions than in eqns. 
(3.83)-(3.85). However, the final answer for the prefactor of the interaction hamiltonian turns 
out to be identical to the ones in eqns. (3.86)-(3.89). 

Hence, the solutions given in eqns.(3.79)-(3.82) and (3.86)-(3.89) determine the complete 
cubic interaction vertex and the supercharges for an open string on a D7-brane at the level of 
zero modes when substituted in eqns.(3.28)-(3.32). 



4 Superstring vertex 

In this section we generalize our results of the previous section to the full string theory by 
following the approach of [55, 26] for both closed and open strings earlier. Before proceeding, 
we note, that at r = the bosonic mode expansions for Neumann directions given in eqns. (2.4) 
can be written in the form: 



+ i^2\—(a r n -a r _ n )cos r -], (4.1) 



X r (a) = x[ 
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and their conjugate momenta are given as : 

1 



P» = 



7T \Ct\ 



n=l I "I 



For Dirichlet directions we have: 

with their conjugate momenta being: 

P r '(a) = -, 



n=l 



(c£ + c/„) sin 



\0L\ 



n\a\ 



n=l 



I CK| 



(4.2) 



(4.3) 



(4.4) 



To write down the mode expansions of fermions S 1 and S 2 , one can use a decomposition 
similar to the one in previous section for zero modes, i.e. eqn. (3.7). One also notes using eqns. 
(2.7) that they satisfy S 1 (a) = £lS 2 (—a). We therefore use the following decompositions for 
the fermion fields and their modes in eqn. (2.7) : 

XHa) 



S 2 (a) 



A 



'net 

K 2 - 

\ 2 

na 



(4.5) 



The complex combinations A q (<t), A a (cr) etc, which can also be identified as components of 
(1 ±iil)S 2 , then have the following mode expansions: 



A>) 
A» 



1 OO 

" -oo 

1 OO 

1 -OO 
1 OO 

^2 R a e ina /\ a \ 



A» 

— OL 

A (a) 



-| OO 

— R a e ~ ina /\ a \ 

OL n 

^ -oo 

1 OO 

_ ^2 e r ina VM 

— OO 
-| OO 

^2 R a e - incr /\ a \ 



— OO 
OO 



— OO 
OO 



A d ((j) = — J2 R ne ina/H , A (a) = — £ i^e" ma/H . 



(4.6) 
(4.7) 
(4.8) 
(4.9) 



In writing the above form of the mode expansions, we have used the explicit representation 
of Q and II matrices given in eqn. (3. 14), with i? n 's defined in terms of fermionic creation and 
annihilation operators as: 



D« 



R° 

R° 



= i 



ti„ — 



i\fac n ( A" + p„A" n ), 
j v / ac„( A" - p n A" n ), 
-i v / «c„( A£- p n \ a _ n ), 
-i v / ac n ( \Z + p n \t n ), 



(4.10) 
(4.11) 
(4.12) 
(4.13) 
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and \% a 



(Ai„ - i\ 2 n) aA and = (A in + i\ 2n ) aA - We also have ^ = VaX a ,R% = 
y/a\ a , Rq = ^/aX a and Rq = ^/aX a for the zero modes. One can find the commutation 
relations of R's, using the ones for A's given in eqns. (2.12) and (2.16): 

(4.14) 
(4.15) 



{Rm, R n} = {Rm>Rn} = °> 



with similar commutation relations for the R a, s as well. The bosonic and fermionic mode 
expansions given in eqns. (4.1), (4.2) and (4.6)-(4.9), have been written in a form so as to match 
with the ones given in [55]. With this matching, it is possible to determine the exlicit form of 
the kinematical part of the open string vertex from the Fourier modes of the constraints: 



J2^rXr(cr r )\E b ) = 0, 



J2Pr(cr r )\E b } = 0, 



r=l 



^e r \r)a,a{Vr)\Ef) = 0, E A( r ) Q) d((T r .) | Ef) = 0. 



(4.16) 



(4.17) 



r=l 



Here, r is the string index and e r is +1 for an incoming string and —1 for an outgoing one. 
These conditions generalize the constraints given for the zero mode vertex in eqns.(3.17)-(3.19), 
to the full open superstring. This part of the vertex has been derived in sufficient detail in [26] 
with further corrections given in [30] , for the case of closed strings in PP-wave background. 

To determine the bosonic part of the kinematical vertex for our case, we write down the 
constraints given in eqn.(4.16), in terms of their Fourier modes as: 



Y J Y.^x^ n x n{r) \E b ) = o, ££*i r W)l^> = o, 



(4.18) 



where the matrix Xj^, as well as other functions appearing below, are defined in the appendix. 
These constraints on the vertex turn out to be slightly different for the Neumann and Dirichlet 
directions. For Neumann directions we have (m > 0): 



3 oo 



[ £ £ a r X^C-^C^ /2 (a^ - al r i) + iaBU 
' 1=1 

3 oo 

[ £ £ xWC-V*C$(aU + aL r i) + BP 



r=l n=l 



r=l n=l 

and those in the Dirichlet directions are: 

3 oo 



[ EE^ ( ^% 1/2 (4 r) + 4)]l^> 



r=l n=l 

3 oo 



d oo 1 

[ E E -X^C^C^ia^ - a W 



r=l n=l a , r 



\E h 



\E h 



\E h 



= 0, 

= o, 



o, 



0. 



(4.19) 
(4.20) 



(4.21) 
(4.22) 
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Here = ^= and a n = -j==, satisfy [a n , ajj = 5 mn . Hence, the bosonic part of the kinematical 
vertex satisfying the coordinate continuity and momentum conservation constraints given in 
terms of their Fourier modes in eqns.(4.19)-(4.22), is given as [26, 31]: 



\E b ) - exp{ \ £ E«L W ^>i (s ) }|0)i23, (4.23) 

Z r,s=l m,n 

where 1 0)123 = |0)i<8) |0) 2 <8) |0) 3 is annihilated by a n . In the above equation, N™ n are the bosonic 
Neumann matrices defined in the appendix and the summation is over appropriate modes of 
Neumann and Dirichlet directions [58]. 

Similarly, the fermionic part of the kinematical vertex can be determined by writing down 
the constraints given in eqn.(4.17) in terms of their Fourier modes. The cosine and sine Fourier 
modes of the \ a conditions are: 
3 00 



[ E E X (r) C- 1/2 (R^ r) + R^ ] ) - V2aBB a ] \E f ) = 0, (4.24) 

r=l n=l 

3 00 1 

[ E E -X (r) C 1/2 (i# r) - R-V) } \E f ) = 0, (4.25) 



r=l n=l ar 



and the ones for \ a conditions are: 

3 00 



[EE^^^+^V^]!^) = 0, (4.26) 

r=ln=l V2 
3 00 1 

[ EE" X^C^iR^ -R a X ] ) ]\E f ) = 0. (4.27) 



r=l n=l a r 



There will be similar conditions for the Fourier modes of X a and X a as well. 

Hence, the fermionic part of the kinematical vertex satisfying the constraints given in terms 
of their Fourier modes in eqns.(4.24)-(4.27) (and their dotted counterparts), turns out to be [55, 
26, 31]: 



3 00 



\Ef) ~ exp[ E E ( A -m(r) QZnaf) ^-n(s) + A -m(r) QZnaf) X -n(s) ) 
r,s=l m,n=l 



3 00 



E E ( A^ (r) Q r ma , Q a + \t m{r) QV, 0" ) ] \E°), (4.28) 



r=l m=l 



where 6 = ^(A (i) — A (2)) and \E®) is the zero-mode part of the fermionic vertex given in 



eqn.(3.22). The matrices Q„ n and Q r m are the fermionic Neumann matrices. Their relation to 
the bosonic Neumann matrices are given in the appendix. 

One can also see the structure of the fermionic part of the kinematic vertex written above 
in eqn.(4.28), by combining the mode expansions given in eqns.(4.6)-(4.9) and (4.10)-(4.13), 
and comparing with the ones in eqns. (2.6) and (2.7) of [30]. Alternatively, for example, the 
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mode expansion for the quantity (1 — iQ)S2 (as given in component forms in (4.6)-(4.9)) can 
be written as: 



(l-iQ)S 2 (a) = (l-iQ)\S + i V { n cos^ + i0_ n sin^)l, (4.29) 

- L la I'tI ' J 



n=l 



na 

la] 



where, 



9 n = iy/ac n (1 - p n U)S n + (1 + p n R)S- 



(4.30) 



Since these expansions are identical to the ones given in [30], our Fermionic Neumann matrices 
are also identical. In appendix we write their expressions in component forms as well. We also 
note that due to a specific choice of basis, matrix Q does not appear explicitly in our modes 
9 n , as well as in kinematic vertex. 

Having discussed the kinematical part of the vertex |T4j„), we go on to determine the 
prefactors, that multiply the vertex and the dynamical generators. First, we form the following 
combination of dynamical supercharges given in eqn.(2.29): 



/ da\ \d T x r Y + d a x r y + mx r ynn}(s 2 + n T s l ) 

2na'p + Jo 1 1 > 

+ {d T x r 'Y' + d a x r Y - mi r) f'nn}(5 2 - tfs 1 ) ] . (4.31) 



Similar combinations of supercharges have been considered in [53] , for the case of open strings 
in D = 10 which in the present context will correspond to a _D9-brane in flat space. Using the 
form of matrices Q and II given in eqn.(3.14), we can now write down the various components 
of dynamical supercharges given in eqn.(4.31) as: 



Qa 



Qa 



Ql 



j ' da^-[{ P aA A+ + P+(eA+) a + d a X~X+ - im{ X a(i A+ - X + (eX + ) a ) } 

+ {p-{\-) a + d a X^\l+d a X + {e\-) cl -imX-\- a }], (4.32) 

fd*^[{ PaaXt + P-(e\ + ) a + d a X+\ + a + im{ X^Xt - X-(eX + ) a ) } 

+ { P + (\-) a + d a X a „\T + d (7 X-(e\-) a + tmX + \- }], (4.33) 
J da i [ { P dQ A+ + P-(e\ + )a - d a X-\+ + im{ X„ a X+ - X~(eA + ) d ) } 

(4.34) 



+ { - P + (X~)a + dvX^X- + d a X + (eX-)a - imX-XT }" , 
Ql = J da i [ { P« Q A+ + P + (eA + ) d - d a X + X+ - im(X 6a X+ - X + (eX + ) a ) } 

+ { -P-(X-)a + d a X« a K + d a X-(eX-)« + imX + Xl }], (4.35) 

with the definitions X ± = X(a) ± X(a) = X(a) ± A(— a). 
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For stringy generalization of operators P and A appearing in the last section one needs to 
take care of the singularity at a = nai by defining [55, 26] : 



P\ V kin ) = ^lim -27rv^(7ra (1) - af/ 2 { P {1) (a) + P(i)(-<r) )| V kin >, 
dX\V km ) = Jim^-2^^{ira {l) -afl\d a X {l) {a) + d a X {l) {-a))\V km ), 



A I V ki 



kin 



lim -27r v / ^(7ra (1) - a) 1/2 ( \ {1) (a) + Xm(-a) )| V l 



«(i) 



kin 



(4.36) 



with similar definitions for P, X,X ± ,X ± . Also, the same thing holds for the second and the 
third strings. The commutation relations involving Q^ a 's then have identical forms as given 
in (3.53)-(3.60). However, in the present case, there are additional relations which are non-zero 
and useful in determining the prefactors: 



E { Q{r)a Ap} 
r=l 

3 

E { Q(r)a , A /3 } 



d a X- 5, 



a/3 



= d a X + 5 al3 , 



(4.37) 
(4.38) 



r=l 



Similarly, for the 's, we have: 



E { Q(r)a , } 
r=l 

3 

E { Qwa ' A ? } 



a/3 



(4.39) 
(4.40) 



r=l 



Using X | \4in ) = and A | V kin ) = as in [26] , the state | V kin ) can be shown to satisfy: 



E Q7r)a I V kin ) = ~ A a \ V h 



r=l 
3 



a 



kin 



E QTr)a I ^ ) = ~ d - X ~ A « I ^ 



r=l 
3 



E $(r)a I ) ~~ 

r=l 

3 

E ^(r)A I Vkin ) = 



r=l 



1 

a 

1 

a 



Pa« Aq + P (eA)J| \4 m ), 
P Aa A a +P + (eA)J| V kin ). 



(4.41) 
(4.42) 
(4.43) 
(4.44) 



In writing the action of the dynamical supercharges on the vertex, we have also made use of the 
fact that d a X r \ V kin ) = = P r '| V kin ), where r and r' are Neumann and Dirichlet directions 
respectively. These relations can be explicitly verifed in the oscillator basis representation 
[27, 30, 31], keeping in mind that the mode expansions for string coordinates in the Neumann 
directions are given in terms of cosines and for Dirichlet directions in terms of sines. 
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Now, we can repeat the exercise of section-3 to determine the prefactors for the superstring 
vertex, by demanding that the PP-wave superalgebra in eqns.(3.35)-(3.38) is satisfied. For QaS 
the form of ansatz is same as given in eqns.(3.29)-(3.32) and for the interaction Hamiltonian 
we have, 



H) = 



' iu r + p a a r + i' r 

+ P~ f+ + d a X~ /+ +d a X+ f~ 1 | V km ), (4.45) 



wherein, the quantities /'s are again the functions of A a , A^ which are generalized to include 
all the string non-zero modes, with the definitions as in eqn.(4.36). Similarly, P^, P Qf j, etc. 
are stringy generalizations of P's appearing in section-3, and contain all the non-zero creation 
operators. These quantities can be explicitly realized in the oscillator basis as well. We also 
note that, unlike in flat space, there may be some \x dependent normalizations in the above 
ansatz for the interaction vertex, corresponding to the difference in functional and oscillator 
basis expressions [30]. However, in the following analysis, we ignore these normalizations. 

Using the supercharges given in eqns.(4.32)-(4.35) and the relations (4.37)-(4.44) as well 
as (3.45)-(3.60) in the PP-wave superalgebra in eqns.(3.35)-(3.38), we get several consistency 
conditions for the unknown functions / appearing in eqn.(4.45). Most of these conditions are 
identical to those given in eqns.(3.65)-(3.75). However, the functions / need to satisfy certain 
additional conditions. First, the relations given in eqns.(3.36) and (3.37) imply the following 
conditions for f a and f a : 

fp K + f a Rp = 0, (4.46) 
dh S ai +|^^ 7 = 0. (4.47) 



<9A 7 " 7 <9A 7 

Equations (3.38) and (3.39) lead to further restrictions on / Q , and as given below: 

f $ A a + f a A $ = 0, (4.48) 

f A a = 0, (4.49) 

° L *Av = °- ( 4 - 5 °) 



d A 7 ^ 

Equation (3.40) gives the following consistency conditions for and f a : 



Finally, eqn.(3.41) results in: 



9h - - 

0j-5 ai = 0, f a A p = 0. (4.51) 



irk 5 - - 5h = (452) 
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We note that the solutions given in eqns.(3.79)-(3.82), also satisfy the additional conditions 
given in the above equations (4.46)-(4.52) for the superstring case when proper stringy gener- 
alizations of various operators are used. The unknown functions / + and f~, appearing in the 
ansatz for the interaction Hamiltonian given in eqn.(4.45) can now be determined by using the 
algebra in eqn.(3.35), which leads to the following equations: 

2f + S a(3 + I/,, A a = 0, (4.53) 

and, 

df 

2/" <W - -Jg- 5p, = 0. (4.54) 

Using the solutions for fp and f a given in equations (3.79)-(3.82), in the above equation, we 
get (after taking into account the stringy generalization for A, A etc. given in eqn.(4.36)): 

/" = -1, and /+ = — e a p A a Ap A d A^ . (4.55) 

The solutions given in equations (3.79)-(3.82), (3.86)-(3.89) and (4.55) then determine the 
prefactors, and hence the complete cubic superstring vertex and dynamical supercharges for an 
open string ending on a .D7-brane. 



5 Conclusions 

In this paper, we have discussed the construction of cubic interaction vertex for an open string 
ending on a D7-brane in PP-wave background, using Green-Schwarz light-cone string field 
theory formalism. We explicitly determined the prefactors for the cubic interaction vertex and 
the dynamical supercharges at the level of zero modes and then generalized it to include all the 
stringy excitations. This was achieved by writing down all the symmetry generators in terms 
of the £>7-brane symmetry structure SU(2) L x SU(2) R x SO(2) 1 x 5*0(2)2. It is interesting 
to note that prefactors for the interaction vertex resemble those of the flat space [55]. It will 
be nice to give an oscillator basis realization of the prefactors appearing in the superstring 
vertex as given for the flat space case in [55]. Such expression for the closed strings in PP-wave 
background have already been given in [27, 30, 31]. 

The proposal of [9] for closed strings, amounts to calculating cubic string interaction ampli- 
tudes in the light-cone string field approach, and relating them to the three-point correlation 
functions on the super Yang-Mills side. In the present case, having found the cubic open string 
interaction vertex, it would be interesting to calculate the dual field theory correlation func- 
tions and three-point functions using the determinant operators given by [49], or in terms of 
defect CFT correlation functions. This would provide a check of the BMN duality, for open 
strings even at the level of interactions. It would also be worthwhile to address the question 
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of the existence of higher order open string interactions in PP-wave background, as has been 
discussed by [19] for the case of closed strings. 

Finally, although our construction of the cubic vertex was for an open string on a D7-brane 
in PP-wave background, similar analysis should hold for the case of open string interactions on 
other D3 and D5 branes as well. We hope to get back to these issues in future. 
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A Matrices appearing in the kinematic vertex 



1. The Matrix M rs appearing in the bosonic kinematic vertex in eqn.(3.21) is given in [26]: 



M rs = 



(A.l) 



where (3 = a^/a^y 



2. Bosonic Neumann matrices appearing in the exponential of the kinematical part of the 
superstring vertex are defined as [26, 30]: 



at- = s rs s mn - 2 (A^r- 1 ^) 

V mn 

st. 



Co = -pmsU m{ r)el l a t N T m , s e {1,2}, 
JVE = (1 - 4/iaJf) (d™ + , r, s G {1, 2} , 

re{l,2}. 



/V r3 — A r3 



a 3 



where a = a^a^a^ and the matrices A^ r \ T, N r m and K are defined below. 

r = j2 A(r)u (r)A {r)T , 

r=l 

U(r) = C _1 (C( r ) - fj,a r ), C mn = m5 mn , 



mn ■ 



N r 



_ c -l/2 A (r)T r -l B K = _"_ B T T -l B 

4 



(A.2) 
(A.3) 

(A.4) 
(A.5) 

(A.6) 

(A.7) 
(A.8) 

(A.9) 
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where the matrices and B for m, n > can be obtained from the Fourier transforming 
the kinematical constraints in eqn.(3.17)-(3.19): 



42, = (-ir ^g tr^ 2 , (a.10) 

(2) 2y/mw(/3 + l) sinrnvr/j 

7T m 2 (/3+l) 2 -n 2 ' 1 ' J 

^mn = dmn, (A- 12) 

5 m = --^_ m ~ 3/2 sin mvr /3, (A.13) 

7T Q;iQ;2 

with /3 = o;(i)/q;(3). Below we define the matrices appearing in Fourier expansion of 
constraints in eqn.(4.18). For r = 1,2, we have [26]: 

X« = {C^A^C- 1 ' 2 )^ ifm,n>0, 
= ^(C-^A^C 1 / 2 )^, ifm,n<0, 



a 



(r) 



— l - r t rs a {s) {C 1/2 B) m ifn = 0andm>0, 
v2 

1 if m — n — 0, 

otherwise. (A. 14) 



with Xj® = 8 mn . 



3. Neumann matrices with negative indices are related to the ones with positive indices as: 
N r J m _ n . They are related to A> s n via [26, 30]: 

N r _ s m ,_ n = - {u (r) N rs U (s) ) mn , m, n > . (A.15) 

Further, the following factorization theorem would be useful in verifying that the kine- 
matical vertex satisfies the kinematic constraints given in eqn.(4.16) and (4.17) [29, 30]: 

N™ n = -(1-^aK)- 1 \U7]CtfCN r ] \U7}cV 2 CN s ~\ (A.16) 

4. The fermionic Neumann matrices are related to the bosonic ones as [30]: 

[P^WC 1 ^^- 1 / 2 ^^!, (A.17) 



Qmn ~ e ( Q; f 



a. 



ou 



Qn = ^(l-4/iaK)" 1 (l-2^(l + n))[P {r) ay ) V/ 2 iVn n . (A.18) 



(r) 
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with, 



P„ M s i^£. (A.19) 

V Pn(r) 

Explicitely in our case: 

Qt P = i^^il-A^aKY^C^C^NX^ (A.21) 



and 



«f = v^^W^C 172 ^^" 172 ^)^)]!, (A-22) 

(r) °(r) 



Q™^ = iV2^[P7}C^C^Nr n ^ (A.23) 



where, 



r | 



Pn(r) - -A^fL. (A.24) 

V ^n(r) 
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